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Abstract
Following Zeldes, double-beta decay Q values are used as a filter for extracting symmetry energy and Wigner energy coefficients across the
full range of nuclei, from A = 10 to A = 246. The symmetry coefficient extracted is found to vary smoothly with A and mass formula coefficients
can be determined for the corresponding symmetry and surface symmetry terms. However, the extracted Wigner coefficient has large standard
errors and fluctuates dramatically with A, even as regards its sign. Shell corrections remove most of the fluctuations and allow the determination
of a reliable Wigner coefficient for the mass formula.
© 2008 Elsevier B.V. All rights reserved.
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The nuclear symmetry energy has recently been the focus of
much interest, being relevant to issues both of nuclear structure
and of nuclear astrophysics (see [1] for a summary and refer-
ences). It is a central term in semi-empirical mass formulas and
is frequently accompanied by a surface symmetry term [2]. Be-
ing proportional to the square of the neutron excess, (N −Z)2,
these terms are quadratic in the isospin T of the nucleus. The
values of the symmetry and surface symmetry coefficients are
generally determined by fits to observed nuclear masses.
Nuclear mass formulas are frequently augmented by the in-
clusion of a so-called Wigner term, proportional to |N −Z| for
a nucleus with N neutrons and Z protons (and so A = N + Z
nucleons). Such a non-analytic term introduces cusps at N = Z,
so that its effects have generally been studied at length only near
the N = Z line (see, for instance, [3,4]). Since Z − N = 2Tz,
where Tz is the third component of the isospin, while T = |Tz|
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doi:10.1016/j.physletb.2008.02.029in the ground state of all nuclei except a handful of odd–odd
N = Z nuclei, such a Wigner term is linear in the nuclear
isospin T . This is the origin of its name, since Wigner’s su-
permultiplet theory [5] implies a T (T + 4) dependence of the
ground-state energy [6], hence a term linear in T . Of course,
a seniority-based shell-model treatment contains a T (T + 1)
term in the energy [6], also involving a term linear in T . The
resulting cusps at N = Z are common to supermultiplet the-
ory, seniority-based shell theory or any other theory containing
a linear isospin term, generally in addition to quadratic isospin
terms describing the symmetry energy.
Mass formulas are generally fitted to the full range of mea-
sured nuclear binding energies, so including a Wigner term
implies a Wigner effect for all A. Experience indicates that
the coefficient of the Wigner term is poorly determined in such
global semi-empirical mass formulas. For instance, in Ref. [7]
a large number of semi-empirical fits were performed, involv-
ing formulas with different combinations and forms of included
terms. The Wigner coefficient αW extracted ranged from −84
to +41 MeV. (Since the symmetry coefficient is negative,
αW > 0 is the “wrong” sign for a T (T + 4)- or T (T + 1)-like
dependence.) The “correct”-sign values had a mean value of
−36 MeV and a standard deviation of 21 MeV over twenty-one
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metry coefficient αt is also somewhat variable (mean −26 MeV,
standard deviation 4 MeV, range −35 to −21 MeV) and the
surface symmetry coefficient αst even more variable (mean
38 MeV, standard deviation 12 MeV, range 23 to 56 MeV). It
would clearly be desirable to pin down these coefficients more
precisely.
Zeldes [8] argued that the effects of the Wigner term persist
even at large A, where all nuclei are distant from the N = Z
line, and provided half a dozen convincing examples, at small,
intermediate and large A values. The present work extends his
analysis to a much wider range of A values, encompassing all
mass numbers for which there are sufficient mass data to enable
the extraction of the relevant parameters via his technique. As
a consequence, a credible Wigner coefficient and reliable sym-
metry coefficients for mass formulas can be reasonably con-
vincingly extracted.
2. Wigner energy filter
On the basis of an approximate major shell lowest senior-
ity mass formula, applicable where neutrons and protons are
filling the same major shell, Zeldes [8] advocates the use of
double-beta decay Q values as a filter for symmetry and Wigner
energies. For n nucleons beyond a doubly-closed core, this for-
mula for the ground-state energy Eg is
Eg(n) = E0 + nC + n(n − 1)2 a +
⌊
n
2
⌋
b
(1)+
[
T (T + 1) − 3
4
n
]
ε + Eoo + ECoul,
where a, b, C and ε are parameters, E0 is the energy of the core,
T is the ground-state isospin, ECoul is the Coulomb energy of
the nucleus and Eoo is a correction term for odd–odd nuclei,
different for N = Z and N = Z. The expression x denotes
the largest integer no greater than x. (The notation here differs
from that in Ref. [8].) Since the ground-state isospin is T =
|N − Z|/2 in almost all nuclei, the T 2 term in this equation
expresses the symmetry energy, the term linear in T expressing
the Wigner energy.
In double-beta decay (where β− is implied), the Q value is
given by the nuclear binding energy difference
(2)Q2β−(N,Z) = B(N − 2,Z + 2) − B(N,Z),
where B(N,Z) is the measured binding energy with Coulomb
energy subtracted, B(N,Z) = −[Eg(n) − ECoul]. Since both
terms in Eq. (2) have the same mass number A = N + Z, and
hence the same value of n, all terms in Eq. (1) cancel out ex-
cept those containing the isospin T , when Eq. (1) is substituted
in Eq. (2). (As pointed out in Ref. [8], the parameters implicit
in Eoo are empirically such that this term, too, cancels.) The
result is
(3)Q2β−(N,Z) =
[
2(N − Z − 2) + δQ]ε,
where δQ takes the value 2 when N −Z  4; the value 1 when
N − Z = 3; the value 0 when N − Z = 2; the value −1 when
N − Z = 1 and the value −2 when N − Z  0.In semi-empirical mass formulas, the symmetry and Wigner
terms are separated, each being associated with a different coef-
ficient. Fits to the measured nuclear masses with such formulas
indicate that these two coefficients are not equal. To achieve a
similar flexibility here, the T (T +1)ε term in Eq. (1) is replaced
by T 2ε + T ζ , so that Eq. (3) becomes
(4)Q2β−(N,Z) = 2(N − Z − 2)ε + δQ . ζ,
and the ratio w = ζ/ε reflects the possible deviation from
T (T + 1) behaviour.
In terms of a semi-empirical mass formula of the form
B(N,Z) = αvA + αsA2/3 + αRA1/3 + αp δ(N,Z)√
A
+ αt (N − Z)
2
A
+ αst (N − Z)
2
A4/3
+ αW |N − Z|
A
,
(5)
where the terms are, in order, volume, surface, curvature,
pairing, symmetry, surface symmetry and Wigner terms, with
δ(N,Z) = [(−1)N + (−1)Z]/2, the double-beta decay Q value
becomes
Q2β−(N,Z) = −4αt
A
2(N − Z − 2) − 4αst
A4/3
2(N − Z − 2)
(6)− 2αW
A
δQ,
which implies that Eq. (4) continues to hold, with
(7)ε = −4αt
A
[
1 + αst
αt
A−1/3
]
,
(8)ζ = −2αW
A
,
and in the absence of a surface symmetry term, w = αW/2αt .
Note that adding to the mass formula of Eq. (5) any term de-
pending only on A will have no effect on Eq. (6). Note also
that δ(N − 2,Z + 2) = δ(N,Z) and that the Coulomb (and ex-
change Coulomb) energies have been explicitly subtracted.
It may be concluded that, both in an approximate seniority
shell model approach and in a liquid-drop type mass formula
approach, the double-beta decay Q value serves as an effec-
tive filter for the symmetry (including surface symmetry) and
Wigner energies.
3. Systematic fits to data
In tracking the effect of the Wigner term to large values of A,
Zeldes [8] appealed to mirror symmetry to extract nuclear bind-
ing energies and double-beta decay Q values for nuclei with
large proton excess. (Recall that Coulomb energies have been
subtracted.) His conclusion was that Q2β−(N,Z), when plot-
ted against Z for fixed A, lay largely on two parallel straight
lines, shifted relative to one another by the Wigner energy.
However, for the purpose of extracting values of the parame-
ters ε(A) and ζ(A) by linear least-squares fits to Q2β−(N,Z),
the use of mirror symmetry is not essential. In effect, it dupli-
cates the data (for a given A) having a neutron excess, reflected
to the negatives of N − Z − 2, δQ and Q2β−(N,Z), thus
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ing the values of the fit parameters ε, ζ . The only effect is to
reduce the apparent standard error on the coefficients by a fac-
tor
√
(m − 2)/(2m − 2), where m is the number of measured
Q2β−(N,Z) values, with a concomitant apparent reduction of
the rms deviation of the fit by a factor
√
(m − 2)/(m − 1). No
use will be made of mirror symmetry in the current study.
The data used here to extract the fit parameters ε and ζ
for fixed A values were the measured masses reported in the
AME2003 atomic mass evaluation [9]. The 2225 measured
binding energies (excluding values predicted by extrapolation
from the systematics of the adjustment and marked #) were ob-
tained by multiplying the tabulated binding energy per nucleon
by the mass number A. The Coulomb energy was taken to be
(9)ECoul = αC Z
2
A1/3
+ αxC Z
4/3
A1/3
and the parameters αC and αxC were obtained from a simul-
taneous fit to mirror nucleus binding energy differences (taken
from Ref. [9]) and to ground-state Coulomb displacement en-
ergies, tabulated in Ref. [10]. The fit produced the Coulomb
parameters αC = 717.3(11) keV, αxC = −928.2(195) keV and
the resulting Coulomb energies were subtracted from the tab-
ulated binding energies to produce pure nuclear binding en-
ergies. (Note that the signs are such that the nuclear binding
energy, which is positive for a bound nucleus, is reduced by the
Coulomb energy to produce the measured binding energy.) For
each A, double-beta decay Q values were computed via Eq. (2)
for all Z, N values for which the necessary data exist. A min-
imum of four data points was demanded for each A and there
turned out to be at most eleven data points for any A. The result-
ing input was used to extract the parameters ε and ζ in Eq. (4)
by linear regression.
The symmetry parameter ε is well determined, with standard
errors small compared to the parameter value, and behaves quite
smoothly with A. The extracted parameter values were fitted to
a two-term expression, in accordance with Eq. (7), resulting in
αt = −29.4(5) MeV and αst = 44.0(15) MeV. In contrast, the
Wigner parameter ζ is less well determined, the standard errors
frequently being comparable with, or even larger than, the para-
meter value, especially at large A, and fluctuates quite dramat-
ically with A. A fit to Eq. (8) produces αW = −34.8(34) MeV,
though a simple 1/A behaviour is hardly compatible with the
strongly fluctuating ζ . It is noteworthy that ζ is often negative
(in 58 of the 220 cases investigated), in strong contradiction to
expectation. In half of the cases where ζ < 0, all occurring for
A > 188, it is negative by more than 2.5 standard errors, so can-
not be written off solely to statistical fluctuation.
Since no attempt has been made to take into account shell
effects, it might be suspected that they could distort the behav-
iour of Q2β− . (Note that Zeldes’s single-j -shell based formula
is expected to hold only approximately in multi-shell situa-
tions, and then only when neutrons and protons are filling the
same shells, outside an N = Z core with T = 0.) Shell cor-
rections are known to fluctuate strongly [11] and may well
be the origin of the fluctuations evident in ζ . In an effort to
take this effect into account, theoretical shell corrections wereFig. 1. Values of the fit parameters ε (related to symmetry energy) and ζ (re-
lated to Wigner energy) as a function of mass number A. The errors are the
standard errors of the fits for each A. The curves are least-squares fits of the A
dependence of the parameters, as described in the text.
made to the measured binding energies, following Ref. [12].
This has the unfortunate consequence that the analysis becomes
model dependent, but no model-independent shell corrections
are known. The double-beta decay Q values were recomputed
and the fits to Eq. (4) repeated. The resulting modified values
of the parameters ε and ζ are displayed in Fig. 1. The fits of
these results to Eqs. (7) and (8) were weighted with the inverse
squared standard errors, to avoid distortions arising from poorly
determined cases.
The symmetry parameter ε is not greatly changed from the
previous fit. The fitted curve corresponds to αt = −31.2(8) MeV
and αst = 52.2(33) MeV. The Wigner parameter ζ fluctuates
far less than before, is much less frequently negative (and is
negative by more than one standard error for only three A val-
ues, all above A = 200) and is reasonably well described by
a 1/A fit with αW = −42.5(12) MeV. Together with αt , this
corresponds to an overall T (T + w) form with w = 0.68(3).
Although the standard error in ζ is frequently large, so that
ζ itself is essentially undetermined above A = 220, it is quite
convincingly non-zero over wide ranges of A, up to A ∼ 200.
In the spirit of Zeldes’s original treatment [8], fits were also
carried out with no Wigner term (ζ = 0) and with a constrained
T (T +1) form (ζ = ε). The results were not dramatically differ-
ent from those shown above, as is evident from Table 1, which
lists the fit parameters αt , αst and αW for ζ = 0, ζ = ε and
free ζ , together with the characteristics of the distribution of
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Comparison of the unconstrained ε, ζ fits to the constrained (ζ = 0 and ζ = ε)
fits. For each case, symmetry αt , surface symmetry αst and Wigner αW co-
efficients are listed (in MeV), as are the characteristics of the distribution of
220 rms deviations (in keV)
ζ = 0 ζ = ε free ζ
αt −27.0(27) −29.1(7) −31.2(8)
αst 24.8(155) 40.7(56) 52.2(33)
αW 0 −58.2(14) −42.5(12)
rms
Mean 876 534 453
Std. dev. 669 276 246
rms values for each case. For each A, the ε, ζ fit to the m values
of Q2β− has an rms deviation of
√∑m
i=1(Qi − Fi)2/(m − f ),
where {Qi} are the measured Q values, {Fi} the corresponding
fit values and f is the number of parameters fitted (so f = 1 for
the two constrained fits, while f = 2 for the free fit). Shown in
the table, for each case, are the mean and standard deviation of
the 220 rms deviations, for A values ranging from 10 to 246.
It is evident from a perusal of Table 1 that, overall, the
T (T + 1) form produces better fits than the T 2 form, while
the T (T + w) form produces even better fits than T (T + 1).
It should be pointed out that for certain values of A the con-
strained fits have lower rms deviations than the unconstrained
fit, i.e. the decrease in the sum of squared deviations is more
than compensated by the change of denominator from m − 1
to m − 2. The rms deviation for the free-ζ form is smaller than
that of the ζ = ε form by more than 10% in 46% of the 220 fits,
larger by more than 10% in 8% of the fits. It is smaller than
the rms deviation of the ζ = 0 form by more than 10% in 70%
of the cases, larger by more than 10% in 4% of the cases. The
ζ = ε fits outperform the ζ = 0 fits by more than 10% in 70%
of the cases, do more poorly by more than 10% in 14% of
cases. This would seem to justify the inclusion of a Wigner
term across the whole A range, though it might be argued that
a T (T + 1) form is not totally unacceptable.
4. Discussion
Zeldes’s double-beta decay filter does allow the extraction
of symmetry energy and Wigner energy coefficients across the
full table of nuclei, from A = 10 to A = 246. The symmetry
energy parameter ε is well defined for all A and varies quite
smoothly with A, allowing the reliable extraction of mass for-
mula coefficients αt (symmetry term) and αst (surface symme-
try term) with very reasonable values. On the other hand, the
Wigner energy parameter ζ tends to have large standard errors,
to fluctuate dramatically, and often to take unexpected negative
values. Shell corrections based on a microscopic–macroscopic
approach moderate this behaviour considerably and allow a rea-
sonable determination of the coefficient αW (Wigner term).
It can be argued that inclusion of a term linear in isospin T
in the symmetry term but not in the surface symmetry term
is an inconsistent procedure. This was tested by fitting ζ(A)
to a two-term expression including a surface Wigner term.The weighted fit produced αW = −53.8(48) MeV and αsW =
34.0(142) MeV, with an rms deviation of 730 keV. The single-
term fit, as noted above, produced αW = −42.5(12) MeV, with
an rms deviation of 741 keV. The very large standard error
in αsW (41%), the increase by a factor of 4 in the standard
error in αW and the negligible decrease in the rms devia-
tion (1%) all indicate that inclusion of a surface Wigner term
is not justified by the systematics extracted here. In contrast,
a one-term fit to ε(A) (no surface symmetry term) produces
αt = 18.5(3) MeV and an rms deviation of 406 keV, as against
the rms deviation of 113 keV for the two-term fit. A decrease
in rms deviation by almost a factor of 4 certainly justifies the
inclusion of the surface symmetry term.
The fine-tuned filter used to extract the Wigner energy along
the N = Z line [3,4], when applied to the tabulated nuclear
binding energies [9], produces W(A) = 44.6(14)/A MeV, very
similar to the 42.5(12)/A MeV found for the overall trend of
the Wigner coefficient in the present analysis. This is signifi-
cantly larger than the value ∼ 30 MeV found in Refs. [11,13],
but well within the range of values found in Ref. [7].
In sum, Zeldes’s method for isolating the Wigner term for
all A tends to confirm his conclusion that it plays a role even
in heavy nuclei, well away from the N = Z line, and allows
pinning down the Wigner coefficient which global mass fits
have such a hard time determining [7]. For this purpose, some
sort of explicit shell correction is called for. The fact that the
theoretical shell energies used here do not exactly reproduce
experimental shell effects is probably responsible for some of
the residual fluctuations that remain in the global systemat-
ics. The present analysis suggests that the “best” values of
the symmetry and Wigner coefficients are probably close to
αt = −31(1) MeV, αst = 52(3) MeV and αW = −43(1) MeV.
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